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Abstract. Structured Hidden Markov Model (S-HMM) is a variant of
Hierarchical Hidden Markov Model that shows interesting capabilities
of extracting knowledge from symbolic sequences. In fact, the S-HMM
structure provides an abstraction mechanism allowing a high level sym-
bolic description of the knowledge embedded in S-HMM to be easily
obtained. The paper provides a theoretical analysis of the complexity of
the matching and training algorithms on S-HMMs. More specifically, it
is shown that Baum-Welch algorithm benefits from the so called locality
property, which allows specific components to be modified and retrained,
without doing so for the full model. The problem of modeling duration
and of extracting (embedding) readable knowledge from (into) a S-HMM
is also discussed.

1 Introduction

Since their introduction, Hidden Markov Models (HMMs) proved to be a funda-
mental tool in solving real-world pattern recognition problems, notably speech
recognition [14] and DNA analysis [4]. However, HMMs are stochastic models
including a potentially high number of parameters; hence, many research efforts
have been devoted to constrain their structure in such a way to reduce the com-
plexity of the parameter estimation task. To this aim have been proposed, for
instance, the hierarchical HMM [5,12] and the factorial HMM [8],

In this paper we aim at reducing the generality of the HMM’s structure as
well, but with an additional goal with respect to previous works: in fact, not only
parameter estimation must be efficiently performed, but also the model itself
should offer a high level, interpretable description of the knowledge it encodes,
in a way understandable by a human user. In several application domains (e.g.,
Molecular Biology [4]), this requirement is of primary concern when evaluation of
the model has to be done by humans. Moreover, in this way, domain knowledge
provided by an expert could be easily integrated, as well.

More specifically, this paper investigates a variant of HMM called structured
HMM [7] (S-HMM in the following). An S-HMM is a graph built up, according to
precise composition rules, with several ”independent” sub-graphs (sub-models).

After a brief introduction of the S-HMM, its properties are formally analyzed:
first of all it will be shown how an S-HMM can be locally trained using the
classical Baum-Welch algorithm, considering only a subset of the sub-models
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occurring in the compound one. A nice consequence of this property is that an
S-HMM can be constructed and trained incrementally, by adding new sub-models
or revising existing ones as new information comes in. A newly added sub-model
may have different origins: for instance, it may be provided by an expert as
a-priori knowledge, or it can be produced by an independent learning process.
An interesting property of an S-HMM is that sub-models may also correspond
to gaps in the observed sequences, i.e., to not meaningful or not interesting
regions. This ability elegantly solves the problem of building models of complex
and sparse patterns. Finally, SSHMM is compared to other existing approaches
such HHMM [5].

2 The Structured HMM

The basic assumption underlying an S-HMM (see Bouchaffra and Tan [3]) is
that a sequence O = {01, 02, 03, ..., 07} of observations could be segmented into
a set of subsequences O1, O, ..., Oy, each one generated by a sub-process with
only weak interactions with its neighbors. This assumption is realistic in many
practical applications, such as, for instance, speech recognition [14, 15], and DNA
analysis [4]. In speech recognition, regions are phonetic segments, like syllables,
corresponding to recurrent structures in the language. In DNA, they may be
biologically significant segments (motifs) interleaved with non-coding segments
(such as junk-DNA). S-HMMs aim exactly at modeling such kind of processes,
and, hence, they are represented as directed graphs, structured into sub-graphs
(blocks), each one modeling a specific kind of sub-sequences.

Informally, a block consists of a set of states, only two of which (the initial
and the end state) are allowed to be connected to other blocks. As an S-HMM
is itself a block, a nesting mechanism is immediate to define.

2.1 Structure of a Block

In this section, a formal definition of S-HMM will be provided. Adopting the
notation used in [14], O will denote a sequence of observations {o1, 02, ..., 01},
where every observation o; is a symbol vy chosen from an alphabet V. An HMM
is a stochastic automaton characterized by a set of states @), an alphabet V', and
a triple A = (A, B, 7), being:

- A:Q xQ — [0,1] a probability distribution, a;;, governing the transition
from state g; to state g;;

— B:Q xV —[0,1] a probability distribution, b;(vi), governing the emission
of symbols in each state ¢; € Q;

— m:Q — [0,1] a distribution assigning to each state ¢; € @ the probability
of being the start state.

A state g; will be said a silent state if Yo, € V' : b;(vg) = 0, i.e., ¢; does not emit
any observable symbol. When entering a silent state, the time counter must not
be incremented.
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Definition 1. A basic block of an S-HMM is a 4-tuple A = (A, B, I, E), where
I,E € Q are silent states such that: 7(I) =1, Vq; € Q : a;; =0, and Vq; € Q :
ap; = 0.

In other words, I and E are the input and the output states, respectively.
Therefore, a composite block can be defined by connecting, through a transition
network, the input and output states of a set of blocks.

Definition 2. Given an ordered set of blocks A = {\;|]1 <i < N}, a composite
block is a 4-tuple A = (A1, Ag, I, E), where:

— A :ExI—[0,1], Ag : IXE — [0, 1] are probability distributions governing
the transitions from the output states E to the input states I, and from the
input states I to the output states E of the component blocks A, respectively.

— For all pairs (E;, I;) the transition probability ap,;, = 0 if j <.

— I =1, and E = En are the input and output states of the composite block,
respectively.

According to Definition 2 the components of a composite block can be either
basic blocks or, in turn, composite blocks. In other words, composite blocks can
be arbitrarily nested. Moreover, we will keep the notation S-HMM to designate
non-basic blocks only.

As a special case, a block can degenerate to the null block, which consists of
the start and end states only, connected by an edge with probability ajp = 1.
The null block is useful to provide a dummy input state I or a dummy output
state E/, when no one of the component block is suited to this purpose.

An example of S-HMM structured into three blocks A1, A2, A3, and two null
blocks Mg, A4, providing the start and the end states, is described in Figure 1.

Fig. 1. Example of Structured Hidden Markov Model composed of three interconnected
blocks, plus two null blocks, Ao and A4, providing the start and end states. Distribution
A is non-null only for explicitly represented arcs.
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2.2 Estimating Probabilities in S-HMM

As formally stated in [14], three problems are associated with the HMM ap-
proach:

1. given a model A and a sequence of observations O, compute the probability
P(O[N);

2. given a model A and a sequence of observations O, assumed to be generated
by A, compute the most likely sequence of states in A;

3. given a model A and a sequence of observations O (or a set of sequences
[15]), estimate the parameters in A in order to maximize P(O|A).

The classical solution to Problem 1 and 3 relies on two functions o and
B, plus other auxiliary functions v and &, defined on a and 3. The classical
solution to Problem 2 relies on Viterbi algorithm [6], which implements a function
computationally analogous to a. In the following we will extend o and § to S-
HMMs in order to prove some properties to be exploited by an incremental
learning algorithm.

Given a sequence of observations O = {o1,09,...,0¢,..,0r} and a model A,
the function a4 (i) computes, for every time ¢t (1 < ¢ < T'), the joint probability
of being in state ¢; and observing the symbols from 07 to o;.

Let us consider an S-HMM A\ containing N blocks. We want to define the
recursive equations allowing « to be computed. In order to do this, we have to
extend the standard definition in order to include silent states: when leaving
a silent state, the time counter is not incremented. When entering the block
A = (Ag, By, I, Ex) with N}, states, at time r (1 < r < T), the following
equations are to be used:

ar(Ik) = P(Ola <y Opy Qr = Ik)
) k), (k N N (B)p(k
as(j) = a1 (1, )aﬁk)b( (o) + D e at—l(l)al(‘j)bg )(0r) ()
(r+1<t<T,1 <5< Ny, q5 # I, q; # Ey)
k
on(Br) = 0y (Ix) + N au(i)aly,

Notice that the above equations only depends upon external states through the
values of a..(I;) (1 <7 <T) computed for the input state; moreover, the block
propagates a;(Fx) (1 <t < T) to the following blocks only through the output
state. Finally, ay(I1) = 1 and ar(Ey) = P(O|)N).

Funtion (:(i) is complementary to ay(i), and computes the probability of
observing the symbols 0¢y1, 0¢42, ... , or, given that g; is the state at time ¢. For
0 a backward recursive definition can be given:

ﬂT(Ek) = P(O»,«.A,_l, . OT|QT = Ek)

Bu(i) = B (Br)ajyy, + 7% fra (DB (01 )al) @
(1<t<r—11<z<Nk,qﬁéEk,qz#Ik)

Bi(Li) = Be(Er) + SN Be()alt)

From equations (2), it follows that P(O|\) = 81 (I1)-
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Definition 3. An S-HMM is said a forward S-HMM when for all non-basic
blocks the matriz A; and Ag define a directed acyclic graph.

For a forward S-HMM it is easy to prove the following theorem.

Theorem 1. In a forward S-HMM, the complexity of computing functions «
and (3 is: N v

C < T(ONe N2+ MY, VD)
being Ny, the dimension of matrix A(Ih) of the h — th block, M the cardinality
of the alphabet, N the number of composite blocks, and N the number of basic
blocks.

Proof. Notice that the second summation in the right-hand side of the formula
corresponds to the computation of o and 3 inside the basic blocks, whereas the
first summation is due to the block interconnection. Following the block recursive
nesting and starting from the basic blocks, we observe that, in absence of any
hypothesis on distribution A, each basic block is an HMM, whose complexity
for computing o and 3 is upperbounded by NZMT [14]. As the global network
interconnecing the basic blocks is a directed forward graph, every basic block
needs to be evaluated only once.

Let us consider now a composite block; the interconnecting structure is an
oriented forward graph, by definition, and, then, equations (1) and (2) must be
evaluated only once on the input (output) of every internal block S-HMMjy,. As
a conclusion, the complexity for this step in upperbounded by TNV, ,%

3 S-HMMs are locally trainable

The classical algorithm for estimating the probability distributions governing
state transitions and observations are estimated by means of the Baum-Welch
algorithm [2, 14], which relies on the functions o and § defined in the previous
section. In the following we will briefly review the algorithm in order to adapt it
to S-HMMs. The algorithm uses two functions, & and ~y, defined through o and
8. Function &;(i, j) computes the probability of the transition between states g;
(at time t) and g¢; (at time t 4 1), assuming that the observation O has been
generated by model A:

a¢(1)aijb; (Org1)Brg1(d)
P(O[A)

Function 7;(i) computes the probability of being in state ¢; at time ¢, assuming
that the observation O has been generated by model A\, and can be written as:

. o (1) B (1)
— 4
The sum of & (i, j) over ¢ estimates the number of times transition ¢; — ¢; occurs
when A generates the sequence O. In an analogous way, by summing ~;(7) over
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t, an estimate of the number of times state ¢; has been visited is obtained. Then
a;; can be re-estimated (a-posteriori, after seeing O) as the ratio of the sum over
time of & (,7) and 7 (4):

G — Yoy u(i)aijbi (Ors1)Biga (4)
’ ST (i) i i)

With a similar reasoning it is possible to obtain an a-posteriori estimate of the
probability of observing o = v, when the model is in state ¢;. The estimate is
provided by the ratio between the number of times state ¢; has been visited and
symbol v; has been observed, and the total number of times g; has been visited:

5 k) Zf;it:vk ()8t (4) (©)
’ S eu()Ai)
From (1) and (2) it appears that, inside basic block Ak, equations (5) and (6) are
immediately applicable. Then the Baum-Welch algorithm can be used without
any change to learn the probability distributions inside basic blocks.

On the contrary, equation (5) must be modified in order to adapt it to re-
estimate transition probabilities between output and input states of the blocks,
which are silent states. As there is no emission, o and (§ propagate through
transitions without time change; then, equation (5) must be modified as in the
following:

()

Yl alEap,, BT)
Cp1; = T-1
=1 t(E3)Be(I;)

It is worth noticing that functions o and 3 depend upon the states in other blocks
only through the value of a;(I;) and G;(Ey), respectively. This means that, in
block A, given the vectors oy (1), aa(Ig), ...ar (1) and 51 (Ek), B2(Ek), ...0r (Ex),
Baum-Welch algorithm can be iterated inside a block without the need of re-
computing a and § in the external blocks. We will call this a locality property.
The practical implication of the locality property is that a block can be modified
and trained without any impact on the other components of an S-HMM.

(7)

4 Applying S-HMM to Real World Tasks

Most HMM applications can be reduced to classification (instances of Prob-
lem 1) or interpretation (instances of Problem 2 ) tasks. Word recognition and
user /process profiling are typical classification tasks. Sequence tagging and knowl-
edge extraction, as done in DNA analysis, are typical interpretation tasks. In this
section we will focus on the problem of knowledge extraction, but most of the
proposed solutions also hold for classification tasks.

A model for interpreting a sequence is a global model, able to identify inter-
esting patterns (i.e., motifs, adopting Bio-Informatics terminology), which occur
with significant regularity, as well as gaps, i.e., regions where no regularities are
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found. Having a global model of the sequence is important, because it allows
inter-dependencies among motifs to be detected. Nevertheless, a global model
must account for the distribution of the observations on the entire sequence, and
hence it could become intractable. We tame this problem by introducing spe-
cial basic blocks, designed to keep low the complexity of modeling the irrelevant
parts of sequences.

In the following we address the following issues: (a) how to construct basic
blocks modeling motifs; (b) how to construct models of gaps between motifs; (c)
how to segment a sequence detecting the instances of the basic blocks; (d) how
to extract a readable interpretation from a sequence.

4.1 Motif Modeling

A motif is a subsequence frequently occurring in a reference sequence set. Motif
occurrences may be different from one to another, provided that an assigned
equivalence relation be satisfied. In the specific case, the equivalence relation is
encoded through a basic block of an S-HMM. Many proposals exist for HMM
architectures oriented to capture specific patterns. Here, we will consider the
Profile HMM (PHMM), a model developed in Bio-Informatics [4], which well
fits the needs of providing a readable interpretation of a sequence. The basic
assumption underlying PHMM is that the different instances of a motif originate
from a canonical form, but are subject to insertion, deletion and substitution
erTors.

As described in Figure 2, a PHMM has a left-to-right structure with a very
restricted number of arcs. Moreover, it makes use of typed states: Match states,
where the observation corresponds to the expectation, Delete states (silent states)
modeling deletion errors, and Insert states modeling insertion errors supposedly
due to random noise. According to this assumption, the observation distribution
in all insert states is the same, and it can be estimated just once.

Fig. 2. Example of Profile Hidden Markov Model. Circles denote states with no-
observable emission, rectangles denote match states, and diamond denote insert states.

After training, the canonical form can be easily extracted from a PHMM, by
collecting the maximum likelihood observation sequence from the match states.
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4.2 Modeling Duration and Gaps

The problem of modeling durations arises when the time span covered by an
observation or the interval length between two observations is important. In the
HMM framework, this problem has been principally faced in Speech Recognition
and in Bio-informatics. However, the problem setting is slightly different in the
two fields, and consequently the dominant approach tends to be different. In
speech recognition, the input is a continuous signal, which, after several steps
of signal processing, is segmented into variable length intervals each one labeled
with a symbol. Then, the obtained symbolic sequence is fed into a set of HMMs,
which accomplish the recognition of long range structure, such as syllables or
words, requiring thus to deal with interval durations [11]. In Bio-informatics the
major application for HMMs is the analysis of DNA strands [4]. Here, the input
sequence is a string of equal length symbols. The need of modeling duration
comes from the presence of gaps, i.e., substrings where no coding information is
present. The gap duration is often a critical cues to interpret the entire sequence.

The approach first developed in Speech Recognition is to use Hidden Semi-
Markov Models (HSMM), which are HMMs augmented with probability distri-
butions over the state permanence [11,10,13,17,16]. An alternative approach is
the so called Ezpanded HMM [10]. Every state, where it is required to model
duration, is expanded into a network of states, properly interconnected. In this
way, the duration of the permanence in the original state is modeled by a se-
quence of transitions through the new state network in which the observation
remain constant. The advantage of this method is that the markovian nature of
the HMM is preserved. Nevertheless, the complexity increases according to the
number of new states generated by expansion.

A similar solution is found in Bio-Informatics for modeling long gaps. In
this case, the granularity of the sequence is given, and so there is no expansion.
However, the resulting model of the gap duration is similar to the one men-
tioned above. A Profile HMM [4], naturally models the duration of observations
according to the expansion technique, but it is only able to model short gaps
inside a motif, attributed to random noise controlled by a Poisson statistics.
Nevertheless, single insertion states do not correctly model long gaps occurring
in between two motifs. The most appropriate probability distribution for this
kind of gaps may vary from case to case, but it is never the exponential decay
defined by an insert state with a self-loop.

Two HMM topologies, suitable for modeling gaps, are reported in Figure 3.
The architecture in Figure 3(a) can be used to model any duration distribution
over a finite and discrete interval. However, the drawback of this model is the
potentially large number of parameters to estimate. In all cases, the observa-
tion is supposed to be produced by random noise. Model in Figure 3(b) exhibits
an Erlang’s distribution, when the Forward-Backward algorithm is used. Un-
fortunately, the distribution of the most likely duration computed by Viterbi
algorithm still follows an exponential law. Therefore, this model, which is more
compact with respect to the previous one, is not useful for the task of segmenting
and tagging sequences by means of Viterbi algorithm.
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Fig. 3. Possible HMMs for modeling duration

4.3 Sequence Segmentation

In the S-HMM framework, sequence segmentation means detecting where bound-
aries between blocks are most likely located. Segmentation provides a probabilis-
tic interpretation of a sequence model, and plays a fundamental role when an
S-HMM is used for knowledge extraction.

Two methods exist for accomplishing this task. The classical one is based on
Viterbi algorithm in order to find the most likely path in the state space of the
model. Then, for every pair of blocks A., A\s on the path, the most likely time
instant for the transition from the output state of A\, to the input state of A
is chosen as the boundary between the two blocks. In this way a unique, non
ambiguous segmentation is obtained, with a complexity which is the same as for
computing « and (.

The second method, also described in [14], consists in finding the maximum
likelihood time for the transition from A, to Ay by computing:

= argmas, (L) ©

Computing boundaries by means of (8) requires a complexity O(T) for every
boundary that has to be located, in addition to the complexity for computing
one « and f.

The advantage of this method is that it can provide alternative segmentations
by considering also blocks that do not ly on the maximum likelihood path.
Moreover, it is compatible with the use of gap models of the type described in
Figure 3(c), because it does not use Viterbi algorithm.
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4.4 Knowledge Transfer

When a tool is used in a knowledge extraction task, two important features are
desirable: (a) the extracted knowledge should be readable for a human user; (b)
a human user should be able to elicit chunks of knowledge, which the tool will
exploit during the extraction process.

The basic HMM does not have such properties, whereas task oriented HMMs,
such as Profile HMM, may provide such properties to a limited extent. On the
contrary, the SSHMM structure naturally supports high level logical descriptions.
An example of how an S-HMM can be described in symbolic form is provided

(b) Basic block description:
motif(x) AN MLS(x,” ctgaac”) A AvDev(xz,0.15) — A(x)
motif(x) AN MLS(x,” cctctaaa”) A AvDev(x,0.15) — R(x)
motif(x) AN MLS(x,”tatacgc”) A AvDev(z,0.15) — Q(x)
gap(z) A AvDr(z,11.3) A MnDr(z,8) A MazDr(x, 14) — B(z)
gap(z) A AvDr(z,15.6 A MnDr(z,12) A MazDr(x, 19) — Z(x)
(c) Block structure logical description:
A(z) A B(y) A follow(w, y) — C ([, y])
R(z) A A(y) A follow(xz,y) — D([z, y])
Z(z) — D(z), Q(x) — E(z), R(z) — E(x)
B(x) A C(y) A follow(z, y) — G([z, y]
B(xz) A D(y) A follow(z,y) — G([z, y]
A(z) AN G(y) A E(z) A R(w) A follow(z, y)A

A follow(y, z) A follow(z, w) — MySEQ([z,y, z, w)]
(d) Block structure as a regular expression:

A (B (AB — (RA — 2)))(Q—R) R

Fig. 4. Structured HMMs are easy to translate into an approximate logic description.

in Figure 4. Basic blocks and composite blocks must be described in different
ways. Basic blocks are either HMMSs (modeling subsequences), or gap models. In
both cases, a precise description of the underlying automaton will be complex,
without providing readable information to the user. Instead, an approximate de-
scription, characterizing at an abstract level the knowledge captured by a block,
is more useful. For instance, blocks corresponding to regularities like motifs can
be characterized by providing the maximum likelihood sequence (MLS) as the
nominal form of the sequence, and the average deviation (AvDv) from the nom-
inal form. Instead, gaps can be characterized by suppling the average duration
(AvDr), and the minimum (MnDr) and maximum (MxDr) duration.

On the contrary, the model’s composite structure is easy to describe by means
of a logic language. As an example, Figure 4(c) provides the translation into Horn
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clauses, whereas Figure 4(d) provides the translation into regular expressions. In
both cases, richer representations can be obtained by annotating the expressions
with numeric attributes.

By using a logic description language, or regular expressions, a user can also
provide the specification of an S-HMM structure, or part of it, which will be
completed and trained by a learning algorithm. Logic formulas as in Figure 4(c)
can be immediately translated into the structure of composite blocks. Neverthe-
less, also an approximate specification for basic blocks, as described in Figure 4,
can be mapped to block models when the model scheme is given. For instance,
suppose that motifs are described by Profile HMMs, and gaps by the scheme
of Figure 3(a) or (b). Then, the maximum likelihood sequence provided in the
logic description implicitly sets the number of match states and, together with
the average deviation, provides the prior for an initial distribution on the obser-
vations. In an analogous way, minimum, maximum and average values specified
for the gap duration can be used to set the number of states and a prior on the
initial probability distribution. Then, a training algorithm can tune the model
parameters.

5 Conclusive Remarks

In the previous sections we have formally defined an S-HMM, showing how it
can be used to model complex patterns in symbolic sequences. S-HMMSs are an
attempt to unify in a formal framework previous attempts, which we briefly
review in this section.

First of all it is worth noticing that S-HMMs derive from Hierarchical HMMs
(HHMM)[5], in that both construct a hierarchy of HMMs. The difference is that a
block in an S-HMM can be reached from only one state in a block at higher level,
whereas in a generalized HHMM, many ancestors may exists. For this reason, an
HHMM is not easy to handle for the purposes addressed in this paper; in fact,
re-structuring or compiling an HHMM into a single level HMM poses non trivial
problems. S-HMMs addresses this point by means of silent states and of further
constraints on the structure. In this way, the same structure can be considered
at the desired abstraction level without needing any reformulation of the HMMs.
The most important property of an S-HMM is locality, which can be exploited
for incrementally constructing very complex models.

A similar proposal was put forward by Bouchaffra and Tan [3], who pro-
posed Structural HMMs (SHMM in the following). The initial goal of SHMMs
was analogous to the one that inspired S-HMM., i.e., to capture in an HMM local
regularities in the observation sequences. However, SHMMs have been developed
primarily for segmentation problems, setting the emphasis on data structure,
while the structure of the model remains somehow implicit. SSHMMs explicitly
put the emphasis on the model structure and on its compositional properties.
Then, quite different formalizations have been obtained. Nevertheless, the rela-
tions between the two models deserve further investigations.
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Another relevant point concerns modeling duration; many authors tend to

handle this aspect by using continuous time distributions on the state perma-
nence. We only considered modeling duration through the expanded state ap-
proach, which is made possible because of the low complexity inherent to an
S-HMM. Modeling durations with continuous distributions over the time does
not seem the right way to go, because it will dramatically increase the complex-
ity, being then not suitable to exploit the S-HMM structure.
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